A desire to characterize those functions satisfying (iv) first aroused our interest in the topologies on N+ .
(This is not the usual definition-see § 1. ) In [He] Helson observed that this representation of N+ as a union of Hilbert spaces enables one to define a locally convex inductive limit topology (where a neighborhood base for zero is given by those absolutely convex sets whose intersection with every H2(w) is a neighborhood of zero; for basic facts about inductive limits see [Ko] or [Wi] ). We shall call this topology the Helson topol- ogy, and denote it by H. A linear functional f on (N+, H) is continuous if and only if its restriction to each H2(w) is continuous. In particular, f is a continuous linear functional on H2, so it can be considered an H2 function in its own right. The following theorem is from [He] .
Theorem 0.1 [Helson] . The following are equivalent 
r-tly

If
For basic facts about these classes, see, for example, [Ga] or [Du] .
It is an old theorem of the brothers Nevanlinna [Ne] that N+ is precisely the set {g / h : g, h E H oo ,h outer}. This latter set is the same if the stipulation that g and h be in H oo , the space of bounded analytic functions on the disk, is replaced by the requirement that they be in H2, the classical Hardy space of square-integrable functions on the circle with vanishing negative Fourier coefficients. That this seemingly larger set of quotients is, in fact, the same can be seen as follows (the argument is from [Nil): Suppose g and h are in H2, h outer. Let g = IG be the inner-outer factoring of g. Let But as we observed earlier g can then be written as k / h for some k in H2 , which means that hPfdO = hPkhdO for all P; that is, 1= Phk = T/ik. Remarking that for any inner function I, Tihlk = T/ik, we have proved that I is in the dual of (N+ , H) if and only if it is in the range of all Toeplitz operators with co-analytic symbol.
THE DUAL OF (N+, H)
Let p be the metric on N+ given by p(f, g) = I' ll' log( 1 + II -gl)d 0 , mentioned in the introduction. The dual of N+ is the same in both the Hand p topologies. We actually proved the following in Theorem 2.1: Let / be the not locally convex inductive limit topology on
where a neighborhood of zero is any set whose intersection with every H2 (w) is a neighborhood of zero. Part (i) of the proof then shows that the inclusion map from (N+, /) to (N+ , p) is continuous, because the pull-back of any open set is open in each H2(W); part (ii) shows the inclusion map from (N+, p) to (N+ ,/) is continuous, so p and / are equivalent topologies. As H is the finest locally convex topology coarser than /, (N+, H) and (N+, /) must have the same duals.
In [M c Cl] it is shown that the Relson topology is actually metrizable, and that in it, the Taylor series of every function in N+ converges to that function; although, for example, the series E:o zn does not converge to 1/( 1 -z) in either (N+, p) or H 2 01 -zI2), or indeed any space H 2 (w).
Combining the characterization of (N+ , H)* from Theorem 0.1, and Yanagihara's description of (N+ , p)* mentioned in the introduction, we get our most important result as a corollary of 2.1: (ii) Consider the case of the unit ball in en . M. Nawrocki has characterised the dual of the Smimov class as those linear functionals A such that A(ll:) = O(exp(_c\a\n/(n+l»)) [Na] . The above arguments yield that this is a sufficient decay condition for a function to be in the range of every co-analytic Toeplitz operator on the sphere; but the necessity argument breaks down because U H2 (\h\2) hEHOO (B.) is strictly smaller than the Smimov class. So what are necessary and sufficient conditions in this case?
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